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Abstract 
Green’s  function techniques for studying nonequilibrium processes in 
dirty two-band superconductors are discussed. Perturbation expansions 
and   Green’s   function equations are developed. A time dependent 
modification of the Usadel equation is given.  
Introduction. 
The time  dependent  Gorkov equation  has  proven  to be  very  
successful  in  the  theory  of  superconductivity [1-11]. The usual 
description of superconductivity characterizes states by a one-
component order parameter. However  the  properties  of  some  
compounds (e.g. 2MgB , 2Nb Se , 3V Si )  are  described  by a two-band  model 
[12] with a two- component order parameter. The two-gap model (the 
two gaps arise from the existence of two bands) was proposed [13, 14] at 
the dawn of superconductivity theory. The  interest  in  the  two-gap  
model  has  recently  been  renewed  after  the  discovery  of 
superconductivity in  magnesium  diboride[15-42] . The following study 
is based on a set of kinetic equations for the order parameters of a two-
band system. We focus our attention mainly at the overlapping of energy 
bands on the Fermi surface, and effects of impurities. The theory of dirty 
two-band superconductivity has been developed within Matsubara 
formalism [15, 17, 19, 32, 43-46].  
In this paper we develop the quasiclassical Keldysh-Usadel model for 
multi-band superconductors, following the real-time formalism [47-50]. 
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1. Green’s functions   in the Nambu-Keldysh representation 
 
The  two-band  pairing  Hamiltonian  in  the  BCS  theory, ignoring 
impurity  scattering,  is  given  by 
                   0 intˆ ˆ ˆH H H                                              (1.1) 
Where  
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is   the  Hamiltonian  of  pairing  interaction,  ,n r t    is  the  gap  
function  of  the n-th  band , 11 22,V V  are  the  constants  of  intraband  
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interaction, 12 21,V V  are  the  constants  of  interband  interaction 
( )nm mnV V .The model assumes the formation of Cooper pairs in each band 
and the tunneling of these pairs as a whole from one band into another. 
The equations of motion in the Heisenberg picture are 
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(for the  spin-up  component) 
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(for the  spin-down  component)  
 
We introduce Nambu’s pseudo-spinor field 
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The Hamiltonian of the system in Nambu’s representation is 
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The contour-ordered Green’s function is defined by 
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where  tc   is  the   Schwinger-Keldysh  closed  time  path  contour  49  
The greater Green’s function is 
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The lesser Green’s function is then 
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We define the retarded and advanced Green’s functions 
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the  Keldysh  Green’s  function 
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and the  4 4   triagonal matrix Green’s function   
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The  non-equilibrium  Dyson  equations  for  the matrix Green’s function  
become 
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Where we have introduced the  inverse  free  matrix Green’s function   
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The 4 4  matrix ˆ ˆ
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     is the self-energy matrix. The operator   
has  the  effect  of  integrating  over  the  space  and  time  coordinates  
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and  performing  matrix  multiplication  when  applied  between  two  
matrices: 
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Subtracting    equations (1.13) we obtain the left-right Dyson equation 
1
0 , 0n n nG G


                                                                                 (1.15) 
where ,A B A B B A


        . 
Still ignoring impurity scattering,  
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The pairing potential is defined as 
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2. The Eilenberg equations 
Eilenberg derived transportlike equations for one-band superconductor 
[51,49,50].We  would  like  to  obtain  transportlike  equations  for  a  
two-band  superconductor. To derive the quantum kinetic equation we 
introduce the mixed (Wigner) coordinates   
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and then  define  a  Fourier  transform  
   , ; , , ; ,iE ipij ijA R T dp dEe e A R T p E                                                        (2.2) 
If  the  derivatives  are  small, we  need to  take  only  the  first  order  
approximation  of  the  commutator   
     
         
, , ; , ( ) , ; , ,
, , , ,
2 T E E T p pR R
A B R T p E A B B A R T p E A B
i A B A B A B A B



         
                
  
                                  (2.3) 
where   ,A B  stands  for  the  anticommutator. 
Taking  into  account  impurity  scattering,  the  Dyson  equation  (1.15)  
can  be  written  as 
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where   the  impurity  self-energy   n imp   includes  contributions  from  
both  spin-flip  and  spin-independent  elastic  scattering 
     0n n nimp sf      
Without external fields equation (2.1) can be written as 
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The elastic contribution to the self-energy can be written as 
( ) ( ) ( ) 20 1,2 ( )n imp nm mmp N dp u p p G p    = ¢ ¢S = S -ò                                                 (2.6) 
Here  nmu  is the matrix element of impurity potential, and  impN    the 
number of impurities per unit volume. We assume that ( )u p  is 
independent of the magnitude of  p  , so that 
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2
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
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¢
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Where 0N  is the density of states at the Fermi energy, and pd W  is an 
element of solid angle in momentum space,  pˆ  is the unity vector in the 
direction of p . Defining the elastic scattering rate 1
nmt
 in the Born 
approximation by 
( ) 201 ˆ ˆ2 4
p
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we can write 
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Similarly, for the contribution from spin-flip scattering due to magnetic 
impurities one obtains 
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                ( ) ( ) ( ) ( )3 3
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where 
( ) 2. 01 ˆ ˆ2 ( 1)( ) 4
p
magn imp nm
nm sf
d
N N s s u p ppt p
¢W ¢= + ⋅ò                                               (2.11) 
.magn impN  is the number of magnetic impurities per unit volume, s  is the 
spin of the impurity, 1
nnt
 is the intraband scattering rate within the n-th  
band, ( )1
nm
n mt ¹  is the interband scattering rate. Converting the left hand 
side (2.5) to relative coordinates, and using (2.3), we obtain 
( ) ( ) ( ) ( )3 0, , 0n n Fn n n n npairing sfRE G iv G Gt - -é ù é ù+ S + ⋅¶ - S + S =ê ú ê úë û ë û
                               (2.12) 
where  Fnv
  is the Fermi velocity in the n-th band. We define the 
quasiclassical Green's functions 
( ) ( )ˆ, , , , , ,n npig R p t t d G R p t tep¢ ¢= ò 
                                                                 (2.13) 
Written in terms of quasiclassical Green's functions the equation (2.12) 
becomes 
( ) ( ) ( ) ( )3 0, , 0n n Fn n n n npairing sfRE g iv g gt s s- -é ù é ù+ S + ⋅¶ - + =ê ú ê úë û ë û
                                 (2.14) 
where 
( )0 1,2 ( )2n m averm mn
i gs t==- S                                                                           (2.15) 
and 
10 
 
( ) ( )
( ) ( )3 3
1,2
( )
2n m aversf m mn sf
i gs t tt==- S                                                              (2.16) 
The subscript ''aver'' to the quasiclassical Green's functions denotes that 
they are averaged over all angles of momentum. Equation (2.14) is 
Eilenberg's equation for two-band superconductors. 
 
3. The Usadel equation 
For a dirty superconductor, a short mean-free path makes the theory 
simple, since the motion of the electrons is always nearly isotropic [52, 
49, 50]. 
Using   
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where  ˆ ˆ ˆ, ,R A Kn n ng g g   are 2 2´  matrices. Normalization condition for the 
quasiclassical Green's functions is 
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Equation (3.2) is equivalent to the three  2 2´  matrix equations 
0ˆ ˆR Rn ng g t=                                                                                                (3.3) 
0ˆ ˆA An ng g t=                                                                                                (3.4) 
ˆ ˆ ˆ ˆ 0R K K An n n ng g g g+ =                                                                                       (3.5) 
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From Eilenberg's equation (2.14) we obtain 
3 ˆ ˆ ˆ ˆˆ, , 0R R R Rn n Fn n n nRE g iv g gt s --
é ù é ù+D + ⋅¶ - =ê úê ú ë ûë û 
                                                      (3.6) 
3 ˆ ˆ ˆ ˆˆ, , 0A A A An n Fn n n nRE g iv g gt s --
é ù é ù+D + ⋅¶ - =ê úê ú ë ûë û 
                                                      (3.7)   
3 ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, 0K K R K K A R K K An n Fn n n n n n n n n nRE g iv g g g g gt s s s s-
é ù+D + ⋅¶ - - + + =ê úë û 
                            (3.8) 
 
where  ( ) ( )0 ˆ ˆˆ0
R K
n n
n n n Asf
n
s ss s s s
æ ö÷ç ÷= + =ç ÷ç ÷çè ø . Here  ˆ ˆ ˆ, ,
R A K
n n ns s s  are  2 2´  matrices. If 
elastic impurity scattering is strong the motion of electrons is not 
ballistic, but diffusive. It makes sense to average the self-energy and 
Green's functions over the directions of the momentum. In the dirty 
limit, the quasiclassical Green's function will be almost isotropic , and 
an expansion in spherical harmonics needs only keep the s- and p-wave 
parts 
0
ˆ ,
ˆ( ) ( )
n ns np
n n n sf ns np
g g pg
ps s s s s
= +
= + = +                                                                       (3.9) 
The assumption is that  ,np ns np nsg g s s   .Substituting eq. (3.9) into the 
(2.15), (2.16), we obtain  
( )
( ) ( )3 3
1,2 1,22 2ns ms msm mmn mn sf
i ig gs t tt t= ==- S - S                                                    (3.10) 
( )1,2
1 1
2np mpm mn mn tr
i gs t t=
é ùê ú=- S -ê úê úë û
                                                                   (3.11) 
where  ( )nm trt  is the impurity  transport relaxation time  
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( ) ( )201 ˆ ˆ ˆ ˆ2 1( ) 4
p
imp nm
nm tr
d
N N u p p p ppt p
¢W ¢ ¢= ⋅ - ⋅ò                                                (3.12) 
Inserting (3.9) into Eilenberg's equation we obtain 
( ) ( ) ( ) ( )
[ ]
3 3ˆ ˆ ˆ, , ( )
ˆ ˆ ˆ, , , , 0
n ns n np Fn ns nppairing pairing R
ns ns ns np np ns np np
E g p E g iv p g pg
g p g g p p g
t t
s s s s
- -
- - - -
é ù é ù+ S + + S + ⋅¶ +ê ú ê úë û ë û
é ù é ù é ù- - - - ⋅ =ê ú ê ú ê úë û ë û ë û

               (3.13) 
Equation (3.13) for the dirty limit can be split into even and odd parts 
with respect to momentum 
( ) ( )
[ ] ( )
( ) ( )
3
3 3
1,2 1,2
( )
ˆ ˆ, ( )
, , 0
2 2
n ns Fn nppairing R
ms ns ms nsm m
mn mnm n sf
E g iv p p g
i ig g g g
t
t tt t
-
-= = -
¹
é ù+ S + ⋅ ¶ê úë û
é ù+ S + S =ê úë û

                                    (3.14) 
and 
( ) ( ) ( )
3
1,2
1, , 0
2n np Fn ns mp nspairing R m mn tr
iE g iv g g gt t -- =
é ù é ù+ S + ¶ - =ê úê ú ë ûë û å                            (3.15) 
Averaging eq. (3.14) over all directions of momentum gives 
( ) ( )
[ ] ( )
( ) ( )
3
3 3
1,2 1,2
( )
,
3
, , 0
2 2
n ns Fn nppairing R
ms ns ms nsm m
mn mnm n sf
iE g v g
i ig g g g
t
t tt t
-
-= = -
¹
é ù+ S + ¶ê úë û
é ù+ S + S =ê úë û

                                    (3.16) 
If elastic scattering is strong, the energy of impurity scattering is much 
larger than any energy in the problem so that the first term in the 
equation (3.15) can be neglected compared to the third and we obtain 
( )1,2
1 , 0
2Fn ns mp nsR m mn tr
iiv g g gt -=
é ù¶ - =ê úë ûå                                                            (3.17) 
Equation (3.17) can be rewriten in the following form 
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( ) ( )1,2
( )
1 1, , 0
2 2Fn ns np ns mp nsR mnn mntr tr
m n
i iiv g g g g gt t- -=
¹
é ù é ù¶ - - =ê ú ê úë û ë ûå                                   (3.18) 
From the normalization condition (3.2) we also obtain 
(0) ,
0
ns ns
ns np np ns
g g
g g g g
t=
+ =                                                                                (3.19) 
Upon inserting into (3.18), we get 
( )
( )1,2
( )
, 0
2
nn tr
n ns ns np mp nsR
m mn trm n
iil g ig g g g
t
t -=
¹
é ù¶ + - =ê úë ûå                                             (3.20) 
where  ( )n Fn nn trl v t=  is the impurity mean free path in the n-th band. 
Within the model of weak interband impurity scattering  
( ) ( )nn mntr trt t , Eq. (3.20) takes the simple form ns np n nsRg g l g=- ¶  . 
Multiplying this equation by nsg  on the left and using Eq. (3.19) we 
obtain 
np n ns nsR
g l g g=- ¶                                                                                    (3.21) 
Putting this into Eq. (3.16) we obtain 
 
                               (3.22) 
 
where ( )1/ 3n n FnD l v=  is the diffusion coefficient. The Eq. (3.22) is the 
system of coupled Usadel's equations in which all microscopic details 
are hidden in the diffusion coefficients for each Fermi surface sheet and 
the interband scattering rates 1/ ( )mn m nt ¹  . Ignoring spin-flip scattering, 
eq. (3.22) can be written  
( ) ( ) ( )
[ ] ( )
( ) ( )
3
3 3
1,2 1,2
( )
,
, , 0
2 2
n ns n ns nspairing R R
ms ns ms nsm m
mn mnm n sf
E g iD g g
i ig g g g
t
t tt t
-
-= = -
¹
é ù+ S - ¶ ¶ê úë û
é ù+ S + S =ê úë û
 
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( ) ( ) ( ) [ ]3
1,2
( )
, , 0
2n ns n ns ns ms nspairing R R m mnm n
iE g iD g g g gt t -=- ¹
é ù+ S - ¶ ¶ + S =ê úë û                        (3.23) 
Representing nsg  as a matrix 
ˆ ˆ
ˆ0
R K
ns ns
ns A
ns
g g
g
g
æ ö÷ç ÷=ç ÷ç ÷çè ø,                                                                                 (3.24) 
Eq. (3.23) becomes 
( )3 ˆ ˆ ˆ ˆ, 0R R Rn ns n ns nsR RE g iD g gt -é ù+D - ¶ ¶ =ê úë û                                                         (3.25) 
( )3 ˆ ˆ ˆ ˆ, 0A A An ns n ns nsR RE g iD g gt -é ù+D - ¶ ¶ =ê úë û                                                         (3.26) 
( )
( )
3
1,2
( )
ˆ ˆ ˆ ˆ ˆ ˆ,
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ 0
2
K R K K A
n ns n ns ns ns nsR R R
R K K A R K K A
ms ns ms ns ns ms ns msm
mnm n
E g iD g g g g
i g g g g g g g g
t
t
-
=
¹
é ù+D - ¶ ¶ + ¶ê úë û
+ S + - - =
  
                                        (3.27) 
 
The system of equations (3.25)-(3.27) is the "dirty limit" of the system 
(3.6)-(3.8).This system of differential equations must be supplemented 
by a proper boundary conditions. For unbounded superconductor one 
has match the equilibrium solution at large distances. To solve the 
equations for bounded superconductor one needs some boundary 
conditions at surfaces and interfaces which are in general partially 
transparent. The boundary transparency of quasiparticles from different 
bands is important parameter. An extended discussion of the reflection 
and transmission processes at surfaces of two-band superconductor will 
be given elsewhere.  
  In conclusion, in this paper we developed kinetic equations for two-
band dirty superconductor using the real-time technique. 
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